TWO-PARTICLE ANDERSON LOCALIZATION 
AT LOW ENERGIES 

TRESOR EKANGA* 

Abstract. We prove exponential spectral localization in a two-particle lattice An- 
derson model, with a short-range interaction and external random i.i.d. potential, 
at sufficiently low energies. The proof is based on the multi-particle multi-scale 

^^ ' analysis developed earlier by Chulaevsky and Suhov |4] in the case of high disorder. 

Our method applies to a larger class of random potentials than in Aizenman and 

f^^ , Warzel [2] where dynamical localization was proved with the help of the fractional 

^\1 ' moment method. 

1. Introduction. Main result 

' Consider the lattice Z'' x Z'' = Z^^, d > 1. We denote D = {x G Z^^' : x = ix,x)} 

■ ^ ■ and [[a, b]] := [a, 6] nZ. Vectors x = {xi, X2) e Z'' x Z'' will be identified with configura- 

""i^ . tions of two distinguishable quantum particles in Z . We denote by | • | the max- norm 

I ' II • \\^, namely for x = {x^, . . . ,a;^'') G Z^*^. 

■^-^ Ixl = max \x' 

C^ ' l<i<2d 

and 

2d 

|x|i = ^ |x*|. 

r^ . The two-particle model. We study a system of two interacting lattice quantum 

f^ ' particles in a disordered environment, described by a random Hamiltonian Hy.u(aj), 

Cn . acting in the Hilbert space ^^(Z^'^), of the form 



cn 



Hy,uM = -A+ ^ V^(x,,w)+U, (1.1) 

O ■ ^=^'2 

vN I where x = (j;i,X2) G Z'' x Z'', A is the nearest-neighbor laplacian on Z^'', 

Avl/(x)= ^ (\l'(x + y)-vl/(x)), (1.2) 



ye2 



=1 



X: r. 

j^l yiZ'^xfi— 7>IRisa random field with i.i.d. (independent and identically distributed) 

" ■ ■ values on Z"*, relative to some probability space {ft,J-,F), and U is the multiplica- 

tion operator by a function U(x) = U(a:i,a;2) which we assume bounded (but not 
necessarily symmetric). 

Aizenmann and Warzel [2] proved by the fractional moment method — introduced in 
[1] for single-particle systems — the spectral and dynamical localization at low energies 
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2 T. EKANGA 

for such Hamiltonians under the assumption that the marginal probabihty distribution 
of the i.i.d. random field V admits a bounded probability density pv, satisfying some 
additional conditions. 

In this paper, using Multi-Scale Analysis (MSA) as in [3], we prove exponential 
localization at low energies under the much weaker assumption of log- Holder continuity 
of the marginal distribution function Fy of the field V . 

Assumption on V. Specifically, we require that for some /? e (0, 1), some large enough 
qo > and all sufficiently large L > 0, 



supl 



|y(0,a;)e 0,0 + 6-^" \ KL-"^". (1.3) 



Assumptions on U. The interaction potential U is assumed to be bounded, non- 
negative and to satisfy the following short-range condition: 

There exists < ro < +oo such that 

Ixi -xzl >ro => U(a;i,a;2) = 0. (1.4) 

Remark. The assumption of non-negativity of the interaction potential is not essential 
for our main result (Theorem [1]) on Anderson localization for two-particle systems. 
However, it allows to simplify the adaptation of the two-particle MSA scheme proposed 
in ^ to the case of weak disorder at low energies. We address a more general class of 
interacting iV-particle Anderson models at low energies, with any iV > 2, in a separate 
paper [7]. 

We denote by a (H (w)) the spectrum of H(ci;). It follows from our assumptions and 
from well-known results that the quantity 

E° :==inffT(H(w)) 

is non-random, although it may be infinite, e.g., for gaussian random potentials. 
Given an arbitrary finite lattice cube 

Ci(u) := {xeZ^'^: |x - u| < L} 

we define its exterior and interior boundaries, respectively by 

9+Cl(u) = {v e Z^'* I dist(v, Ci(u)) = 1} , (1.5) 

a-Ci(u) = {v e Z^'* I dist(v, Z^'^ \ Cl(u)) = 1} . (1.6) 

We will consider the finite- volume approximation Hc^(u) of H defined by 

Hci(u) :=Hc^(u) (1.7) 

:— H|£2((;;^(u)-| with Dirichlet boundary conditions on 9 Ci(u). 

Our main result is 

Theorem 1 (localization at low energies). Let Hy_u('^) be the random hamiltonian 
defined in (jl.l[) . Suppose that V is an i.i.d. random field satisfying (|1.3|) . and that the 
potential interaction U is bounded, non-negative and satisfies (jl.4p . Let _B° = inf cr(H). 
Then there exists E* > E^ such that 
(i) the spectrum ofH{u!) in [E'^ , E*] is pure point, 

(ii) all its eigenfunctions ^„(a;) with eigenvalues En(u!) € [E'^jE*] are exponentially 
decaying at infinity with a positive non-random rate of decay m > 0; 

|*„(x)|<C„(c^)e-'"l''l. (1.8) 
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To prove Theorem[Tl we use an adaptation of the MSA to the two-particle interacting 
systems, foUowing |4]. Given a finite cube Ci(u) C Z^'', introduce the resolvent of the 
operator Hci,(u), 

Gc.(u)(i?):=(Hc,(u)-i?)"\ £;eM\a(Hc,(u)). (1.9) 

Its matrix elements Gcj^(u)(^iyi -E') in the canonical basis {^x} in I?{1?'^) are usually 
called the Green functions of the operator Hc!^(u): 

Gc,(u)(x,y;i?)-((Hc,(u)-i?)"''5x,<5y), x,yeCi(u). (1.10) 

According to the general MSA approach, the exponential localization will be derived 
from Theorem 13] below. To formulate it, we introduce the following notion. 

Definition 1 ((£',TO)-singular). Let m > and £■ G R. A cube Cl(u) C I?"^ is called 
{E^m) -non- singular ((E', to)-NS) if 

max |Gc,(u)(u,v;i?)| <e-"^. (1.11) 

vG9 C_l(u) 

Otherwise, it is called {E^m)- singular ((E,m)-S). 

Let S be the symmetry x = (a:i,X2) i— > Sx — (2:2, xi) in the lattice Z^"* = 11^ y.1/ 
(with xx^xi G Z'^). The "symmetrized distance" is defined in 1?'^ by 

ds(x,y)=min{|x-y|,|S(x)-y|}. (1.12) 

Definition 2 (^-distant). Two subsets A, B C 1?'^ are called i-distant if 

ds(A,B) >8£. 

The multiscale analysis is based on a length scale {Lk}k>o which is chosen as follows. 

Definition 3 (length scale). The length-scale {Lk}k>o is a sequence of integers defined 
by the initial length-scale Lq > 2, and by the recurrence relation L^+i = [L'^\, k >0 
where 1 < a < 2 is some fixed number. In this paper, a — 3/2. 

The length scale {Lk}k>o is assumed to be chosen at the beginning of the multiscale 
analysis, except that in the course of the analysis it is often required that Lq be large 
enough. 

Definition 4. Given a positive number ttiq > 0, we define a positive sequence m^ 
depending upon a positive number 7 > by 

k 

nik = Too 
It will be assumed that Lq is large enough so that 

CXD _, 

We introduce the following property of pairs of two-particle cubes of size Lk'. 
(DS.fc). For any pair of Lk-distant cubes C^^, (u) and Cl^(v): 

¥{3EeI:CL, (u) and Cl, (v) are {E, mk)-S} < Lf^, (1.14) 

where p > 12d, and / = [E", E*] with E* > E°, are fixed. 



n(l-7i7'/'), k>l. (1.13) 
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Comment. This property depends on ?nfe, p, Lq, and E* . Therefore, it would be better 
to use a more precise notation, hke (DS.fc),^ j^ £;. or even simply (DS.fc)^^ . 

The analogous property for one-particle cubes in H^ is as follows: 

(DS./c). For any pair of disjoint cubes CLf.{u) and CL^iv): 

V{3E el -.C'l^ (u) and Cl^ (v) are [E, mfe)-S} < L^:^^, (1.15) 

where p > 2d, and I =[E°,E*] with E* > E^ , are fixed. 

For a single-particle random Hamilonian of the form H = —A + V{x,ijj) in P{l/-) 
we have the well known result: 

Theorem 2 (one-particle estimate). Let p > 2d be fixed. Then, provided Lq is large 
enough, there exists E* = E*{p) > E'^ such that (DS.k)mk,p,Lo,E' holds true for all 
k>0. 

Proof. See, e.g., H Result 9.8 & Chapters 10-11]. D 

Here we will prove the same result for two-particle random Hamiltonian and we will 
be allowed to use Theorem [2] in which we assume that the exponent p satisfies: 

, 9 15 , 
P> ^P+Y 

Theorem 3 (two-particle estimate). Let p > I2d be fixed. Then, provided Lq is large 
enough, there exist E* = E*{p) > E^ such that (DS.fc)^^ n l E* holds true for all 
k>0. 

The proof is based on induction in k. Note that the initial length-scale estimate 
(for Lq sufficiently large) uses the Combes-Thomas estimate and the Lifshitz tails 
phenomenon, essentially in the same way as for single-particle models [Hllin]- In fact, 
the single- or multi-particle structure of the potential energy is not crucial for such a 
bound. The inductive step is performed almost in the same way as in the case of high 
disorder (see [4]). It uses Wegner-type estimates proved in [3] (see [11] for the original 
Wegner estimate). Note, however, that unlike the high disorder regime, the value of 
the mass m > may be small, depending upon the amplitude of the random potential 
V. Namely, if the random external potential has the form gV{x;uj), then the value of 
the mass m = m{g) ^' as \g\ — >■ 0. 

The derivation of the spectral localization from the bounds of the multi-particle 
MSA can be obtained in the same way as in the case of high disorder. The following 
statement is a reformulation of [3] Theorem 1.2]. In turn, the main idea of the proof 
goes back to [5]. In a different form, a similar argument appears already in [8j. 

Theorem 4. Suppose that (DS./c) holds true for some E* > E^ . Then, for V-almost 
all u), 

(i) the spectrum o/H(ci;) in {—oo,E*] is pure point, 
(ii) there exists a non-random number m > such that all eigenf unctions ^n(u;) of 

H(a;) with eigenvalues En(uj) < E* are exponentially decaying at infinity with 

rate m: 

|*n(x)|<C„(c^)e-'"l''l. (1.16) 

Proo/. See pi, Theorem 1.2]. D 



TWO-PARTICLE ANDERSON LOCALIZATION AT LOW ENERGIES 5 

Theorem [T] derives clearly from Theorem 2] and Theorem [31 Therefore, it only 
remains to prove Theorem[3l i.e., to check property (DS.fc) for all fc > 0. 
The results of this paper were announced in [6] . 

2. The two-particle MSA scheme 

We now outline the two-particle MSA which is used for the proof of Theorem [3l 
The following definition depends on a parameter < /3 < 1. For our purposes, we 
take P = 1/2, but we keep /3 in all formulae to show the dependence on this parameter. 

Definition 5 (£;-resonant). Let S G M be given. A cube Cl(v) C I?'^ of size L > 2 
is called E -resonant (-B-R) if 

dist[£;,a(Hc,(v))] <e-^'. (2.1) 

Otherwise it is called E -non-resonant {E-NK). 

The next definition depends on the parameter a > 1 which governs the length scale 
of our multiscale analysis. For our purposes, we take a — 3/2, but we keep a in all 
formulae. 

Definition 6 (_E-completely non- resonant). Let £' e R be given. A cube Ci(v) C Z'^'^ 
of size L > 2 is called E-completely non-resonant (£'-CNR) if it does not contain any 
£'-R cube of size > L^/". In particular, Ci(v) is itself £^-NR. 

Given Lq > 2, we introduce the following properties (Wl) and (W2) of the random 
Hamiltonians Hc^., i > Lq: 

(Wl). For any cube C^(x) of size i > L^ and any E eR, 

P {C^(x) is not £;-CNR} < £"«, (2.2) 

where q > Ap and Lq > 2 are given. 

(W2). For any ^-distant cubes C^(x) and C£(y) of size £ > Lq, 

F{3 E eR: neither Ce{ii) nor Q(y) is £;-CNR} < £"« (2.3) 

where q > Ap and Lq > 2 are given. 

Comment. These properties depend on q and Lq. Hence, better notations would be 
(Wl),^i„ and (W2),_^^. 

Lemma 1 (Wegner-type estimates). Let qi, q2 > and Lq > be given. Under 
assumptions (jl.3p on the random potential V{x,uj) and assumption (jl.4p on the inter- 
action potential U, properties (Wl) for q — qi and (W2) for q — q2 hold true for any 
i ^ Lq provided Lq and go a'^e large enough. 

Proof, (i) We first prove (Wl) for a given q = qi provided Lq and go a-re large enough. 
Let i> Lq, C^(x) and S e M be fixed. We have: 

¥{Ce{x) is not i^-CNR} 

= p{3yeC,(x), 3£' : £^/" <£' <£, C,,(y) is S-r} 
<|C,(x)|(^+l)xP{C,-(y)isS-R} 

<(2^+l)2'*(^+l)xP{dist[^,(7(Hc„(y))] <e-'"} 
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then by the "basic" two-particle one- volume Wegner estimate 131 Theorem 1] 

<(2£+l)2'i+ix|Q.(y)| X lC£,(yi)|xsupP|y(0,w)e \a,a + 2e-'"]] 

aSR '- L -• -• 

which gives, using assumption (|1.3p . and provided Lq and qq are large enough 

(ii) Now we prove (W2) for a given q — q2 provided Lq and go are large enough. Let 
i > Lq and C^ (x), C^ (y) be fixed. We have: 

P{3£; e R : neither Q(x) nor C£(y) is i^-CNR} 

= P{3£; e M, 3u e Ce{x), 3v e C£(y), 3£i,4 with l^^" < 4,^2 < ^ : 
Ci^ (u) and C^, (v) are E-R} 

< |C,(x)||C,(y)|(£+f)2xP{3SeM:C,,(u), C,,(v) arc ^-R} 

<{2i + lf'^{i + lf xP{3^eR:dist[^,a(Hc,^,(„))] <e-<, j = l,2} 

< {2i+iy'^{i + lf xF{3EeR: dist[S,a(Hc,^(u))] < e^^^i^^^)', j = 1,2} 

< {2i+l)^'{l+ir X P{dist[a(Hc,ju)),^(Hc,,(v))] < 2e-(^^^^^)'} 

then by the basic two-particle Wegner-type estimate [Sj Theorem 2] 

<(2£-ff)4'^(£ + l)2x|C,,(u)||xQ,(v)|xmax{|Q,K)|,|Q,(«i)|} 
xsupP|T/(0,cj)e La + 4c-(^i^^^)''l| 

which gives, using assumption (If .3^ . and provided Lq and go are large enough 

< {2i + l)9rf+2^-9o/a < ^-92 ^ □ 

We consider now a property which serves as replacement of (DS.O). 
(S.O). For any cube Cl„(x) C Z^'^, 

F{3Ee[E°,E*]: Cl, (x) is {E, mo)-S} < Lq '^ (2.4) 

where E* > E'~', tuq > and Lq > 2 are given. 

Obviously, property (S.O) implies property (DS.O), so we focus on the former. Prop- 
erty (S.O) is proven in [3] in the case of high disorder. Our proof presented here is com- 
pletely different. It uses the Combes-Thomas estimate and the well-known "Lifshitz 
tails" phenomenon. 

We start with the Combes-Thomas estimate, formulated for fairly general discrete 
Schrodinger operators H = — A-|- W^, acting in a finite-dimensional Hilbert space ^^(A), 
A C Z" finite, where A is the nearest-neighbor discrete Laplacian. It is deterministic, 
and the structure of the potential W{x) is irrelevant. This allows to apply it to the two- 
particle Hamiltonian H = —A + W, acting in the space £'^{Cl{u.)), with Ci(u) C Z^'' 
and W(x) = V{xi;uj) + V{x2;uj) + U(x). 
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Lemma 2 (Combes-Thomas estimate). Let H: ^^(A) -> l'^{A), A C Z". Suppose that 
£^ e M satisfies dist(i?, cr(H)) — 5 < 1. Then, for any x,y £ A, 

\(H-E)-\x,y)\ <|e-TT^I"-^li < |e-T^I"-^l. (2.5) 



Proof. See [1 Theorem 11.2]. D 

Next, we need the foUowing statement, also applying to a general Schrodinger oper- 
ator on finite subsets of a lattice of arbitrary dimension n. It summarizes well-known 
results (cf. [9l[T0] and references therein) from the spectral theory of a random one- 
particle Schrodinger operator i?(w) = —A + V{x\ijj). 

Lemma 3. Let H{u}) = —A -I- V{x;lu) be a random Schrodinger operator, with non- 
negative i.i.d. random potential V{ ■ ;u!), restricted to a cube Ce{u) C Z'^ with Dirichlet 
boundary conditions. Suppose the random variables V{x;uj) are non-constant and non- 
negative. Then for any C > Q and arbitrary large Lq > 0, there exists c > .such that 
the lowest eigenvalue Eq{uj) of H(^^ (u)i^) satisfies the bound 

P {Eo{uj) < 2CL^^'^\ < e-=l'^^o(«)l'^'. (2.6) 

Remark. This lemma is actually proven for the lowest eigenvalue Eq{uj) of the finite- 
volume hamiltonian H^ (uj) — —A -|- V{x;uj) with Neumann boundary conditions. 
By Dirichlet-Ncumann bracketing, the same bound holds true for the lowest eigen- 
value Eo{uj) — E^{uj) of the finite- volume hamiltonian Hcj^ {u){<^) ~ H^ (u)i'^) with 
Dirichlet boundary conditions. 

Proof. See [51 Estimate (11.16)] which follows from the study of Lifschitz tails, precisely 
from [HI Estimate (6.10)] and O Lemma 6.4]. D 

Lemma 4. Consider a random Schrodinger operator H(w) = —A + W(x;aj) in a 
lattice cube Ci{u) C Z" with Dirichlet boundary conditions. Suppose that: 

(a) The random external potential V{x]Ijj) and the interaction potential U(a;i,a;2) are 
non-negative. 

(b) For any e > 0, V {V{x](jj) < e} > 0, i.e., is the sharp lower bound for the values 
of the random potential V . 

(c) The random variables V{x;ui) are non-constant: ¥{V{x;u)) > 0} > 0. 

Then for any C > and arbitrary large Lq > there exist c > such that the lowest 
eigenvalue Eq{uj) ofUcj^ {u)i^) satisfies the bound 

F [Eaiij) < 2CL(7^/H < e'^l'^^ot")!'^". (2.7) 

Proof. The interaction potential U is non-negative, so that by min-max principle, the 
lowest eigenvalue Eo{uj) of H^^ (m)('^) is bounded from below by the lowest eigenvalue 
Eq{uj) of operator —A + V{xi;Ld) + V{x2;(^). This latter operator can be written as 
follows: 

-A + V{xi;uj) + V{x2;lj) = H'-^^ ® I^^) ^ j(i) ^ jj{2) ^ 

where H^^^ = —A + V{xj;ll)), j — 1, 2. As a result, Eq (uj) must have the form Eq (uj) = 

Eq '{uj) + Eq (oj), where Eq[uj) is the lowest eigenvalue oi H^^\ Finally, Eq ' {uj) and 

Eq (w) are non-negative due to the non-negativity of the external potential, so that 
for any s > 

p«(w)<s} <p{4''(w)<s}- 
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Now the assertion follows from Lemma [3] applied to the single-particle Schrodinger 
operator H'^^\ D 

Lemma [4] leads directly to the initial scale estimate for our two-particle model. 

Theorem 5 (initial scale estimate). For any p > 0, C > and Lq large enough, 
there exists E* > E'^ such that properties (S.O) and (DS.O) hold true for some mo > 
CL^^^^ > 0. 

Proof. Use Lemma m and Lemma [^ D 

To complete the inductive step of the two-particle MSA, it only remains to prove 

Theorem 6. There exists < L* < oo such that, for any Lq > L* and any k > 0, 

(DS.fc)^^ ^ (DS.fc + l)„^^^. 

For the proof we introduce 

Definition 7 (diagonal cube). Let ro > be as in 11.41 and let 

B,„ = {x=(xi,X2)eZ2'': \xi-X2\ <ro}. (2.8) 

A two-particle cube Ci(u) is called diagonal (D) when Ci(u) fl Dm ^ 0. Otherwise 
it is called non-diagonal (ND). 

Remark. The interaction potential U vanish identically on any non-diagonal cube. 

The procedure of deducing property (DS.fc -I- 1) from (DS.fc) is done separately for 
the following three cases: 

(I) Both Ci^.^j(x) and CLj^^j(y) are ND-cubes. 
(II) Both CLt_^i(x) and Cij^^j(y) are D-cubes. 
(Ill) One of the cubes is D, while the other is ND. 

More precisely: 
(i) In Section|3]we prove (DS.fc) for any fc > 0. 

(ii) In ScctionHwe prove (DS.fc)^^'"^ =^ (DS.fc + 1)*"'. 

(iii) In SectionOwe prove (DS.fc)'"^^ =^ (DS.fc + 1)*™\ 
All cases require using of property (Wl) and/or property (W2). 

3. Case (I). Non-diagonal pair of singular cubes 

In this section, we aim to prove (DS.fc) for any fc > and any pair of Lfc-distant 
non-diagonal cubes Cl^{x.) and CLj.(y). In that case the interaction vanishes and we 
are mainly reduced to the one-particle case. 

Let Clj.(u) C Z^'' be a non-diagonal cube, u = (ui, U2): 

ClA^)^ClM^)xCl,{u2). (3.1) 

Since U vanishes on the non-diagonal cube Cl^ (u), we have, for x = {xi, X2) G Cl^ (u), 

(Hc,ju)*)(x) = Y. '^i^ + y) + iV{x^,io) + V{x2,Lu))^i^), (3.2) 

|y|i=i 
which can be written (take 'J/ = v&i ^2) 

Hc.ju) = <\(„^) «/(^) +/(i) ® <\(„^). (3.3) 
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rU) 



Here H^ , ^ is the single-particle Hamiltonian acting on ^j, Xj G Cl^(uj), j = 1,2: 

(^S,(«,)*^) (^^■) = E ^A^j+yj) + Vix„u;)^,ix,) (3.4) 

|yjl=i 

and /'■■'•' is the identity operator on the complementary space. 

In the proof we are using the validity of the bound (DS./c) for one-particle random 
Schrodinger operators like H^J^ at low energies, provided E* is sufficiently close to Eq: 

Definition 8 (m-tunnelling) . Let / = [E",E*] with E* > E° and m > be fixed. 

(i) A single-particle cube Cl^ ("") ^ ^'^ is called m-tunnelling (m-T) if there exists 
E £ I and two disjoint cubes Cl^_i(ui), CLk-i{v2) C CLk{u) which are {E,m)-S 
with respect to an Hamiltonian like i7"', j = 1,2. Otherwise it is called m-non 
tunnelling (?ti-NT). 

(ii) A two-particle non-diagonal cube Cl^(u) = Cl^(ui) x Cl^{u2) C 1?^'' is called 
m-non-tunnelling if the single-particle cubes Cl^ (mi) and Cl^ (^2) are m-NT with 
respect to 77^^^ and ij(^\ respectively. Otherwise, it is called m-tunnelling. 

The following statement gives a formal description of a property of ND-cubes which 
will be refer to as (NDRoNS) ("Non-Diagonal cubes are Resonant or Non-Singular"). 

Lemma 5 ([H Lemma 3.2]). Let Cl^, (u) = CL^iui) x Cl^(u2) C Z^'' he a two-particle 
cube such that 

(i) |mi -^2! > 2Lfc + ro, 

(ii) CLfc(u) is m' -NT for some given m! > 0, 
(iii) CLfc(u) is E-CNR for some E eM.. 
Then C^^, (u) is {E,m)-NS, with 

m^m' - L-^ln{2Lk + lf. (3.5) 

In particular, if L^ ln(2Lfc + I)'' < ^ — which is true for sufficiently large Lq — then 
m>'-f. 

Proof. See [U Lemma 3.2]. This property is established by combining known results 
from the single-particle localisation theory established via MSA 8^ or FMM [Tl. D 

Theorem 7. Let p > be fixed. There exists L^ < 00 such that for any Lq > LI 
and any k > 0, the estimate (DS.fc)^ p l E- holds true for any pair of Lk- distant 
non-diagonal cubes of size Lk. 

Proof. Let / = [E'", E*]. We already prove (DS.O) for some E* > E" and some toq > 0. 
Let A; > 1. Let C^^ (x) and Clj. (y) be two non-diagonal Lfc-distant cubes. We consider 
the events 

Bk = {3EeI:CL, (x), Cl, (y) are both (E, mk)-S} , 

R= {3E e I : neither Cl,(x) nor CL,(y) is E^-CNR} , 
Tx = {Cl Jx) is 2mfc-T} , 
Ty-{CLjy)is2mfc-T} 

Let w e Bfc \ R, then Vi; G /, Cz, Jx) , or Cl, (y) is £;-CNR. If Cl, (y) is £;-CNR, then 
it must be 2mk-T'. otherwise, it would have been (i5,7nfe)-NS by Lemma [5] applied for 
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m = TUk- Similarly, if Cij.(x) is _E-CNR, then it must be 2mk-T. This implies that 

BcRUTxUTy. (3.6) 

We estimate P{R} using property (W2) which holds true by Lemma [1] 

P{R}<i-'^. 
We estimate P{Tx}, and similarly P{Ty}, by using Theorem H 

,4d 



■{Tx}<^^^ L-,% 



Hence, 



P {Bfc} < P {R} + P {Tx} + P {Ty} 

< L-^P + C{d)Lf~^'^ (since q > 4p) 

since, by assumption, p > jp + ^ d. D 

We end this section with a lemma on non-diagonal cubes which will be useful in the 
next sections. 

Lemma 6. Let Cl^^-^{u) he a two-particle cube of size L^+i- For E (z R, we denote 

by 

• MND(CLfc+i(u), i?) the maximal number of pairwise Lk -distant, non- diagonal {E,mk)- 

singular cubes Cl^{\i^^') C Cij.^j(u). 
Then, 

^{3EeI: MMCl,^A^),E) > 2} < ^Ih+ll^'' (lI'> + C{d)Lf-'^) . (3.7) 

Proof. The total number of possible pairs of centres u*^^) , u*^^) jg bounded by ^ {2Lk+i + 
l)^'', while for a given pair of centres one can apply the probabilistic bound, i.e., P {Bfc} 
for a pair of L^-distant non-diagonal cubes of sidelength 2Lfc. D 

4. Case (II). Diagonal pairs of singular cubes 

We assume here that for a pair of i^-distant two-particle cubes Clj. (x) and C^^. (y) 
we have that P(Bfc) < L^^^. 

Before we proceed further, let us state a geometric assertion borrowed from [3]. 
Given a two-particle cube Ci(u) = Cl{ui) x Cl{u2) C Z"* x Z'^ we denote 

nCUu) = Cl{ui) U Cl{u2) C 1'' (4.1) 

the union of the projections of Cl(u) on the two factors of the product TL^ y.1/ . 

Lemma 7 ([H Lemma 4.1]). Let L > rQ. If Ci(u) and Ci(v) are two diagonal 
L- distant two-particle cubes, then 

ncL{u)nncL{v)^0. (4.2) 

Proof. See [4], Lemma 4.1]. D 
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Lenima[7]is used in the proof of Lenima[5]which, in turn, is important in establishing 
the inductive step for a pair of distant diagonal cubes. 

Lemma 8. Assume that (DS.fc) holds true for all pairs of L^- distant diagonal cubes. 
Consider a two-particle cube C^k+ii'^)- -for _B G M we denote by 

• M-d{Cl^^-^{u), E) the maximal number of {E,mk) -singular, pairwise Lk-distant di- 
agonal cubes Clj.(u-') C Cl^^^{u). 
Then for all n > 1, 

¥{3EeI: Mu{Cl,+, {u),E) > 2n} < C(n, d)Lf '^"L-^"^. (4.3) 

Proof. Suppose that there exist diagonal cubes CLfc(u-') C Ci^^j^(x), I < j < 2n, such 
that any two of them are Lfc-distant. By Lemma[71 for any pair C^^, (u^*^^), C^^ (u^*); 
the respective random operators H-Cl (u2»-i) and Hc^ (u^-) are independent and so 
are their spectra and Green functions. Moreover the pairs of operators 



form an independent family. The operator Hc^ (uMi with i = l,...,2n is indeed 
measurable relative to the sigma-algebra Bi generated by the random variables 

{T/(x,w) : X e nCL,{u')} . 

Now by Lemma [71 the sets 7TCij.(u'), i — l,...,2n, are pairwise disjoint, so that 
all sigma- algebras Bi, i = 1, . . . ,2n are independent. Thus, any collection of events 
Ai, . . . , A„ relative to the corresponding pairs 

(Hci,ju2>-i)(w),Hc^ju2-)('^)j , i = l,...,n, 
also form an independent family. For i = 1, . . . ,n, set: 

A, = {3^; e / : Cl,(u2'-1) and Cl,{u^'^^) are {E,m)-S} . 
Then by virtue of the inductive assumption, 

P(A,) < L~^P, l<i<n, (4.4) 

and owing to independence of events Ai, . . . , A„, we obtain 

{n ^ n 

f]AA^l[nA,)<[L^'^y. (4.5) 

i=i J j=i 

To complete the proof note that the total number of different families of 2n cubes 
CLk '^ ^Lk+i (x) with required properties is bounded from above by 

(^|C^.,.(u)|'"<C(n,d)ir"". D 

Lemma 9. Let J > I be an odd integer and i? G M. Let Clj.^i(u) be a cube such that: 

(i) Ci,+i(u) isE-CNR, 

(ii) A/ND(Ci,+i(u),£;) + AfD(CL,+,(u),i?) < J. 
Then, for Lq large enough Cl^^j^(u) is {E,nik+i)-NS for some rUk+i such that 

5J + 6 



Proof. Simple reformulation of ^ Lemma 4.2]. See also [H Lemma 4.5]. D 
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Theorem 8. There exists < Lj < +cxd such that if Lq > L2, then if for k > 0, 
property (DS.fc) holds true for all pairs of Lk -distant diagonal cubes Cl^(x), Cij,(y), 
then (DS.fc + 1) holds true for all pairs of Lk+i-distant diagonal cubes Cl^^j(x), 

CLfc+i(y) 

Proof. Consider a pair of ifc+i-distant two-particle diagonal cubes C^^ (x) and C^^^^ (y). 
Let us set 

Bfe+i = {3E e I : Cl^_^i(x), and CL^+,iy) are (£',mfc+i)-S} 

E = {3^ e / ; neither Cl,+i(x) nor Cl^^Ay) is ^-CNR} 

S^ = {3EeI: AfND(CL,+i(x),£;) +MD(Ci,^i(x),£;) > J + 1} 

Sy^{3EeI: Ahu{CL,^,{y),E) + Mu{CL,^,{y),E) > J + l} . 

Let uj E B/j+i. Suppose that oj ^ SUSx so that \/E e / either Ci^^j(x) or CLj.^i(y) is 
(£:, J)-CNRandAfND(CL,+i(x),^)-|-MD(CL,+i(x),£;) < J. Thus the cube Cl,+/(x) 
cannot be {E,J)-CNR: indeed, by Lemma IHl it would be {E,mk+i)-NS. So, it is the 
cube Ci^^j(y) which is {E, J)-CNR and {E,mk+i)-S. This implies again by LemmalH] 
that 



Therefore w G Sy. This shows that 



at 

Bfc+1 cEUSxUSy. 



Therefore, 

P {Bfe+i} < P {E} + P {Sx} + P {Sy} 

<L-^i + 2P{S.}. 

with q > 4p large enough. 

It remains to estimate P {Sx}. Set J = 2?i + 1, then 

Mnd(Cl,+i (x); S) + Md(Cl,^,(x); S) >2n + 2 

implies that either il/ND(C_L^_^i i^)^^) > 2 or A/dICl^^j (x); -B) > 2n. Then by Lemma 
[6] and Lemma [51 we have 

P{Sx} <V{3EeI: MND(Ci,^i(x);^) >2}+F{3EeI: Mr>{CL,^^{x.); E) > 2n} 

(2L/C+1 + 1) (T-q , n(j\T'^<^-^\ I /-^^ ,x J- 4dna-2np 

< {L^''+C{d)L^ " ) + C[n,d)Lf^ 

< Cid) ^L,^, ° + L,+ i ° ^ j + C(n, d)i,+ i " 

< C{d) i^Lll^ ' + L,^^\ + '' + + Lfc+"i +' J (by taking n = 2 and a = 3/2) 

where we used that by our assumptions q > 4p, p > 12d and p > jp + ■^d . D 

5. Case (III). Mixed pairs of singular cubes 

Now we derive property (DS.fc + 1) in the case (III), for mixed pairs of two-particle 
cubes (where one cube is diagonal and the other non-diagonal). Here we use several 
properties which have been establish earlier in this paper for all scales lengths. Namely 
(Wl), (W2), (NDRoNS) and the inductive assumption. 
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Theorem 9. There exists < L3 < +00 such that if Lq > L3 and if for k > 0, 
property (DS.fc) holds true 

(i) for any pair of Lk- distant non-diagonal cubes Cij,(x), CLj.(y), 
(ii) for any pair of Lk- distant diagonal cubes Clj,(x), Cij,(y). 

Then (DS.fc+1) holds true for all mixed pairs of Lk+i-distant cubes Cl^^-^{x.), CLk+iiv)- 

Proof. Consider a pair of two particles Lfc+i-distant cubes CLt.^i(x) and Cij.^j(y), 
where Cl^^i (x) is ND while Cl^,^! (y) is D. Let us set as in the previous sections 

Bfc+i = {3EeI: Ci,^,(x), CL,^,(y), are (^,mfc+i)-S} 

T. = {3E el : neither Cl^^A^) nor Cl^+Ay) is ^-CNR} 

Tx = {Ci,^i(x) is2mfc+i-T} 

Sy^{3E€l: MND(CL,+,(y);£;) + A/D(CL,^,(y);£;) > J + 1} . 

Let w G Bfc+i \ (S U Tx), then VE e I either Cl,_^i(x) or Cl.+Ay) is (^, J)-CNR 
and CLt+i(x) is 2mfc+i-NT. By LemmaO Cij^_|^j(x) cannot be {E, J)-CNR. Indeed it 
would have been {E,mk+i)-NS. So it is the cube CLk+iiv) which is {E,J)-CNR. By 
LemmalHl this implies M^uiCLk+iiy)] E) -\- MB{CLk+iiy)] E) > J + 1 for some Eel. 
Therefore w G Sy. This shows that 

Bfe+iCEUTxUSy. 

Then, using estimates of P{S}, P{Tx} and P{Sy} already established in previous 
sections, 

P {Bfe+l} < P {S} + P {Tx} + P {Sy} 
^ '^ y -2p '^ J -2p '^ J -2p 

< Llll. D 

This completes the proof of Theorem [6] Therefore, Theorem [3] is also proven, since 
we have already proven Theorem [5] giving the base of induction in k. By virtue of 
Theorem|31 this completes also the proof of our main result on two-particle localization 
at low energies. Theorem [TJ 
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